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Abstract
The asymptotic properties of mean value in the relationship between difference and derivatives of func-
tions in case of equidistance knots are discussed.
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From [1] it is shown that the following conclusion is valid:
Theorem 1. [1] Suppose f ′′(x) exists in a neighborhood of point a, f ′′(x) is continued at a and
f ′′(a) = 0, ξ is decided by Lagrange mean value theorem:
f (x) = f (a) + f ′(ξ)(x − a), (1)
then
lim
x→a
ξ − a
x − a =
1
2
. (2)
Letting x = a + h, (1) gives
f (a) = f (a + h) − f (a) = f ′(ξ)h, (1′)
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lim
h→0
ξ − a
h
= 1
2
. (2′)
(1′) expresses the relationship between the first difference at knots a, a + h and derivative of
f (x), because (1′) can be generalized to the relationship between the mth difference at knots
x0, x1, . . . , xm and the mth derivative of f (x) [2]:
mf (x0) = hmf (m)(η), (3)
where xk ∈ [a, b], xk = a + kh (k = 0,1, . . . ,m, m is a fixed natural number), η ∈ (a, b), we can
generalize Theorem 1 and obtain the following:
Theorem 2. Suppose f (x) ∈ Cm+1[a, b], f (m+1)(a) = 0, let h = b−a
m
, xk = a + kh (k = 0,
1, . . . ,m), η is decided by (3), then
lim
h→0+
η − a
h
= m
2
. (4)
In order to prove Theorem 2, we firstly introduce two lemmas.
Lemma 1. Suppose m and l are both natural numbers, then
m−1∑
k=0
(−1)k
(
m
k
)
(m − k)l =
{0 : 1 l < m,
m! : l = m. (5)
Lemma 2. Suppose m is a natural number, then
m−1∑
k=0
(−1)k
(
m
k
)
(m − k)m+1 = m
2
(m + 1)!. (6)
It is not difficult to prove the foregoing lemmas by means of definition of difference (see [2]),
so the proof is omitted.
Proof of Theorem 2. The relationship between difference and function values [2] gives
mf (x0) =
m∑
k=0
(−1)k
(
m
k
)
f
[
x0 + (m − k)h
]
, (7)
and (3), (7) give
m∑
k=0
(−1)k
(
m
k
)
f
[
x0 + (m − k)h
]= hmf (m)(η). (8)
The Taylor expansion with Peano remainder gives
f (x0 + mh) =
m+1∑
k=0
f (k)(x0)
k! (mh)
k + o(hm+1),
f
[
x0 + (m − 1)h
]=
m+1∑ f (k)(x0)
k!
[
(m − 1)h]k + o(hm+1),k=0
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f (x0 + h) =
m+1∑
k=0
f (k)(x0)
k! h
k + o(hm+1),
multiplying equations above with
(
m
0
)
,−(m1), (m2), . . . , (−1)m( mm−1) respectively and adding these
equations together, then adding both sides with (−1)m(m
m
)
f (x0), with Lemmas 1 and 2, we have
m∑
k=0
(−1)k
(
m
k
)
f
[
x0 + (m − k)h
]= f (m)(x0)hm + m2 f (m+1)(x0)hm+1 + o
(
hm+1
)
, (9)
but
f (m)(η) = f (m)(x0) + f (m+1)(x0)(η − x0) + o(η − x0), (10)
so (8)–(10) give
m
2
f (m+1)(x0)hm+1 + o
(
hm+1
)= f (m+1)(x0)hm(η − x0) + hmo(η − x0).
Because η → x+0 as h → 0+, dividing the equation above with hm+1, letting h → 0+, and
noticing that f (m+1)(x0) = 0, so we have
lim
h→0+
η − x0
h
= m
2
,
that is
lim
h→0+
η − a
h
= m
2
. (4)
Especially letting m = 1 in (4) gives (2′). It follows the definition of h that mh = b − a, so (4)
implies
lim
b→a+
η − a
b − a =
1
2
.  (4′)
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